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■ Abstract. Let Tn be the fixed-point algebra of the gauge action of the circle on the Cuntz 

^\ ' algebra On ■ For every pure state p of jr„ and every representation 6 of C(T) we construct a 

0^ . representation of ©„, and we use the resulting class of representations to parameterize the 

• space of all states of 0„ which extend p. We show that the gauge group acts transitively on 

^ ^ the pure extensions of p and that the action is p-to-1 with p the period of p under the usual 

^ , shift. We then use the above representations of 0„ to construct endomorphisms of BiTi), 

^0 ' which we classify up to conjugacy in terms of the parameters p and 6. In particular our 

\ construction yields every ergodic endomorphism a whose tail algebra p|j, Q''"(S(7i)) has a 

. minimal projection, and our results classify these ergodic endomorphisms by an equivalence 
relation on the pure states of As examples we analyze the ergodic endomorphisms 

^—1 , arising from periodic pure product states of Tn, for which we are able to give a geometric 

^ ' complete conjugacy invariant, generalizing results of Stacey [Q, Laca [ p^ , pA| , and Bratteli- 

I J0rgensen-Price Q on the shifts of Powers |^ . 

o : 
a^ ■ 
o ; 

. Introduction. 
0^ ■ 

' Let BiTi) denote the algebra of bounded linear operators on a separable complex Hilbert 

. space 7i. An endomorphism of B{7{) is a homomorphism of B{7{) into itself which preserves 

4L \ adjoints. The main goal of this paper is to find complete conjugacy invariants for a certain 

^ ■ class of endomorphisms of B{Ti.). Two endomorphisms are conjugate if there is an inter- 

^ , twining isomorphism of the underlying algebras. Every isomorphism of B{'H) is unitarily 

implemented, so conjugacy for endomorphisms of BCH) is spatial equivalence, the strongest 
J> ■ reasonable equivalence relation in any classification scheme. 

^ , If an endomorphism a fixes only the scalar operators it is called ergodic, and if its tail 

' algebra a^{B{TC)) consists only of scalars it is called a shift. The class of endomorphisms 

. , we shall consider includes every ergodic endomorphism whose tail algebra has minimal pro- 

jection; in particular, it includes all shifts. 

We shall only consider endomorphisms which preserve the identity operator / on 7^. At the 
other extreme are those endomorphisms a which are completely nonunital in the sense that 
a^{I) decreases strongly to zero; we refer the reader to [|^, §2] for the classification of such 
endomorphisms. Since any endomorphism can be decomposed into unital and completely 
nonunital components which determine its conjugacy class, our focus on unital endomor- 
phisms is justified. 

As is customary, for 2 < n < 00 we denote by On the C*-algebra defined by Cuntz in 
[^. Let {va : 1 < a < n} denote the distinguished generating isometrics in On, so that 
Vav'^ < 1, with equality if n is finite; On is the universal C*-algebra generated by 
such collections of isometrics. There is a correspondence between endomorphisms of B{7i) 
and representations of Cuntz algebras, which stems from the observation by Arveson 
that every endomorphism a of BiTL) can be implemented by a collection S*!, . . . , S'^ of 
isometrics on Ti via a{A) = SaAS^^; if a is unital then such a collection gives rise to a 
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representation of On via Va ^ Sa- Conversely, any representation vr : On — > }3{TC) gives rise 
to an endomorphism Ad vr of B{7i) via 

n 

(t) KdT,{A):=Y,T^{va)AT,{vaY, A & BiH); 

a=l 

for infinite n the above sum converges in the strong operator topology for every A. If n < oo 
then AdTT is unital, but for infinite n this need not be the case. A representation tt of Ooo 
for which Advr is unital (i.e., for which Yla^=i '^{va)Tr{va)* converges strongly to /) is called 
essential. 

There is an obvious way to construct endomorpliisms from states of O^i : use the GNS 
representation for the state to implement an endomorphism via (f). This correspondence 
allows us to study endomorphisms by looking at states of On', e.g. ergodic endomorphisms 
arise from pure states, and conjugacy of endomorphisms corresponds to quasi-free equivalence 



of states [|10|. 



A commonly used method of analyzing On is to exploit the gauge action 7 of the circle T on 
On determined by 'yxiva) = Xva- We will denote by Tn the fixed-point algebra of this action. 
When n is finite, Tn is canonically isomorphic to the UHF algebra M„ ^ ® Mn ® • • ■ , and 
hence carries a canonical unital shift, given at the C*-algebra level by a formula analogous 
to (t). This shift does not exist on J^^o because the strong sum does not make sense at this 
level, but one can always shift a state p of Tn (for finite or infinite n) by defining 



a*p{x) := 2_^p{vaxvl), x G J^n- 

a=l 

A state p of Ooo which extends p is essential (i.e., its GNS representation is essential) if and 



only if each of the shifted positive linear functionals a*^ p is a state |1C, Remark 2.10]; in 
this case we say that p is essential. We will only consider essential states of J-n, with the 
understanding that the adjective is superfluous when n is finite. 

The state space of J^n is more tractable than that of On, and has often been used to study 
representations of Cuntz algebras ||7|, ||, |l6| and unital endomorphisms of B{T-L) fl^, 0, ^. 
Having a specific procedure for extending states of !Fn to On is extremely useful, especially 
if it allows one to apply Powers' criteria for states of UHF algebras [0] to decide when an 
extension is pure and when different extensions are unitarily equivalent. 

Perhaps the most obvious way to extend a state is by composition with the canonical 
conditional expectation $ : On Tn obtained by averaging over the gauge action. This 
gives the unique gauge-invariant state of On which extends the given state of Tn- Gauge- 
invariant extensions of states of Tn have been considered before: e.g., by Evans Q, by 
Araki, Carey and Evans for product states and n < cx) Q, and later by Laca for factor states 
and any n Extensions of diagonal states (i.e., states of the diagonal subalgebra T> of 



Tn) have been considered by Spielberg |16, O, by Archbold, Lazar, Tsui and Wright H 



and by Stacey [19| in the context of extending the trace on the Choi subalgebra of ©2. In 



earlier work, Lazar, Tsui and Wright |12] dealt with pure state extensions of pure diagonal 
states, and identified the unique pure state extension of a nonperiodic (irrational) point in 
the spectrum of P ^ . 

A different procedure for extending pure states of Tn was given in Theorem 4.3 of |llO|| , 
where it played a key role in the classification of shifts of 0(7Y) up to conjugacy. Roughly, 
the technique used there consisted of lifting the GNS representation of a state from Tn to 
On without changing the Hilbert space; see also §5] . These two techniques for extending 
a pure state p of Tn are in a sense opposite: the first one always works, but only gives an 
extension which is pure if p is aperiodic in the sense that its translates by powers of the 
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canonical shift a* are mutually disjoint; the second only works if p is quasi-invariant in the 
sense that it is quasi-equivalent to a* p, but then gives extensions which are pure. 

Here we show how to extend any pure state p of J-n which is periodic in the sense that p is 
quasi-equivalent to a*^p for some positive integer p. Our procedure interpolates between the 
two techniques described above, and explains them as extreme cases of the same construction. 

The paper is organized as follows. We begin with a preliminary section on periodicity 
of states of J-n- In Section ^ we construct and analyze a class of representations of On- 
Roughly speaking, this class is indexed by pairs (p, 6) consisting of a periodic pure state p of 
J^n and a representation 6 of C(T). The quasi-orbit of p and the unitary equivalence class of 
determine the unitary equivalence class of the representation up to a gauge automorphism. 
This ambiguity can be removed with the addition of a third parameter, called a linking 
vector, which is related to the periodicity of p and is determined up to a scalar multiple of 
modulus one. 

In Section m we study the state extensions of a periodic pure state p of Tn- Propositions 3^ 
and 3.2 form the technical core of the paper, and show that the representations constructed 
in Section ^ include the GNS representation associated with any state which extends p. Our 
main result. Theorem 3.5, parameterizes the extensions of p to states of On by the Borel 
probability measures on the circle. In this parameterization the equivalence class of the 
measure is a complete invariant for unitary equivalence of state extensions. We also compare 
states which extend different pure states of J-n- The invariant we use for this is the set of 



quasi-equivalence classes of the shifted states, called the quasi-orbit of p; see Definition 1.2 



In Corollary p.6| we answer to the affirmative a conjecture made in the final remark of Q, to 
the effect that a periodic pure state of J^n has precisely a circle of pure extensions on which 
the gauge group acts transitively and p-to-1, p being the period of the state. Aperiodic pure 
states, in contrast, have unique state extensions which are necessarily pure and fixed by the 
gauge action Theorem 4.3]. 

In Section ^ we use our representations to construct endomorphisms of B{Tl) via (|). Our 
main classification result is Theorem 4A, where we obtain complete conjugacy invariants 
for these endomorphisms based on the parameters p and d. In Corollary we apply this 
theorem to classify the endomorphisms which arise from extending periodic pure states of 
Tn to O n, as described above. The second main result of the section is Theorem |4.3| , where 
we characterize the endomorphisms that arise from state extensions in terms of their tail 
and fixed-point algebras. 

Although the pure extensions of a pure state p are mutually disjoint, the (ergodic) endo- 
morphisms they produce are all conjugate. In Corollary 4.4 we classify these endomorphisms 
using the action of quasi-free automorphisms on the quasi-orbit of p, and in Corollary 4.5 
we characterize them as those ergodic endomorphisms whose tail algebra has a minimal 
projection. 

In Section ^ we examine several examples arising from pure product states of J-n- In 
Example A we show how our Theorem 3.5 generalizes Fowler's result on pure product states 
[^, Theorem 3.1]. In Example B we consider product states which are constructed from 
periodic sequences of unit vectors in n-dimensional Hilbert space. We show that the ergodic 
endomorphisms which correspond to such periodic sequences are completely classified up 
to conjugacy by a geometric invariant used in their construction. This generalizes earlier 
conjugacy results for shifts from [15, 1^, 10[ 4| and for the ergodic endomorphisms constructed 



in [|ll| ] . Finally, in Example C we apply our techniques to the problem of extending the trace 
on the Choi algebra to O2- 



4 



NEAL J. FOWLER AND MARCELO LACA 



1. Preliminaries. 

A multi-index is a fc-tuple s = (si, . . . ,Sk), where 1 < Sj < n for each i, and k is any 
nonnegative integer. We write \s\ := k and set Vg '■= Vsi ■■■Vsf,, with the convention that 
Vs '■= 1 if \s\ = 0. Then On is the closed hnear span of monomials of the form VsV'l, where 
s and t are arbitrary multi-indices, and J-'n is the closed linear span of such monomials for 
which |s| = \t\. The canonical conditional expectation $ : On — > J'n is given by 



VgVf if |s| = \t\ 
otherwise. 



There are two ways to shift an essential state p of J-n- 'backwards' by a* , as defined in 
the introduction, and 'forwards' by as defined by 

f5*p{x) = p{vlxvi), X G 

The arbitrary choice of vi is irrelevant up to unitary equivalence. The shift /3* is a quasi- 



inverse of a* in the sense that a*f3*p = p ~ (3*a*p for any essential state p of J^n [H 
Lemma 3.1]. (We use ~ and rt to denote quasi-equivalence and unitary equivalence, respec- 
tively.) 

Example 1.1. It is helpful to see how the shifts a* and /?* act on product states. Suppose 
n is finite and £ is the n-dimensional Hilbert space spanned by the Vi^s, so that JC{£) is 
isomorphic to the algebra M„ of n x n matrices. Then Tn is isomorphic to the UHF algebra 
Mn Mn (8) Mn ■ ■ ■ via VsVf ^ ^siti ® 6^2*2 ® ' " 'Si ^s^ti,-, where s and t are multi-indices of 
the same length k, and {ejj} is the obvious system of matrix units in Mn [^. 
Suppose tOi is a state of M„ for each z, and let 

be the corresponding product state of !Fn- Let ujy^ be the pure state of M„ determined by 
i^Di(eii) = 1. Then 

a*ijj = UJ2 ® ijJ^ ® ® ■ ■ ■ 

and 

Similar considerations apply to product states of !Foo §3]. 

Definition 1.2. The quasi-orbit of an essential state p of J^n is the set of quasi-equivalence 
classes of the states a*''p and (3*''p for k > 0. 

Let us describe the quasi-orbit of an essential factor state p. The states a*''p and /3*V for 
k,l > are factor states (of the same type as p) |l^. Corollary 3.5], so any given pair of these 
states is either disjoint or quasi-equivalent. In the latter case, since both a* and (3* respect 



quasi-equivalence of factor states [|ll|. Corollary 3.6] we can apply an appropriate power of 



one of the shifts to the quasi-equivalent pair to obtain p ~ a*Pp for some p. 

Definition 1.3. Suppose p is an essential factor state of Tn- The period of p is the smallest 
positive integer p for which p is quasi-equivalent to a*Pp. If no such p exists, we say that p 
is aperiodic, or that it has period p = oo. 

The quasi-orbit of an essential factor state p with finite period p is thus 

{[p],[a*p],...,[a*^P-'^p]}, 
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or alternatively 

{[p],[/3V],...,r(^^-iV]}, 

where the brackets denote quasi-equivalence classes. In particular, the period of an essential 
factor state is the cardinality of its quasi-orbit. 

Remark 1.4. Although it would be more accurate to refer to a state which is quasi-equivalent 
to its p^^ translate as quasi-periodic, we will adhere to the prevailing practice and use the 
term 'periodic' in an asymptotic sense. Examples of strictly periodic states (i.e. states which 
are equal to their translate by some power of a*) will appear in Section |5[ 

Quasi-equivalence of essential factor states of is an asymptotic property (by Theo- 
rem 2.7] for n < oo and [10, Proposition 3.6] for n = oo), so two essential factor states p and 



u! have the same quasi-orbit if and only if they are shift- equivalent in the sense that there 
exists k such that 

||Q,*(fc+i)p _ a*^uj\\ ^0 as i ^ oo. 



When p and oj are pure this condition simplifies significantly. Since /?* preserves purity |10, 
Lemma 4.2], p and lv have the same quasi-orbit if and only if 

p ~ f3*''L0 or cj ~ /3*V for some A: > 0. 

It should be noted that a* p need not be pure even if p is. Some examples of this have been 
given in 

We close this section by highlighting some relations between the shifts of a pure essential 
state p with finite period p: 

(1.1) ^ a*^p^a*^p ^ p divides A; and 

(1.2) a*V ~ ^ p divides k + l. 

2. A CLASS OF REPRESENTATIONS OF On- 

Suppose /5 is a state of On, p is the restriction of p to Tn, and a : On B{H) is the 
GNS representation for p with canonical cyclic vector ^. From the unit vectors <7(f^)^, with 
= 0, 1, 2, . . . , we see that the states P*^p are vector states in the restriction of a to J-n'- 

P*^p{x) = {a{x)aiv1)ta{vi)0, x G Tn- 

As an immediate result, the GNS representations of these shifted states appear as subrep- 
resentations of the restriction of a to J-n- Because of this simple fact, whenever we are 
extending states or representations from Tn to On, we are forced to consider the shifted 
states. It is therefore convenient to establish the following notation, to be used throughout 
this paper. 

Notation 2.1. Suppose p is a pure state of J^n with finite period p; if n = oo assume that 
p is essential. For i = 0, 1, . . . , p — 1, denote by ir^ : Tn ^{'^1) the GNS representation 
for /9**/0 with canonical cyclic vector When there is no chance of confusion we will drop 
the superscript p- 

For notational convenience we define Tip := TIq and vTp := ttq. Our convention for will 
be somewhat different: 

Definition 2.2. A linking vector for p is a vector S TIq such that 

(3*Pp{x) = (vro(x)^p,^p), X G Tn- 

Since [5*^ p ~ p, there is always a linking vector, and it is determined up to a scalar multiple 
of modulus one because p is pure. 
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In the fohowing proposition we use a pure essential state p and a hnking vector to con- 
struct a representation 7f[/9, ^p] of On\ we wih see later (Remark that this representation 
is irreducible. 

Proposition 2.3. Suppose p is a pure state of J-n with finite period p; if n = oo assume 
that p is essential. Let G TIq he a linking vector for p. 

(1) Ifl<a<n and < i < p — 1, then there is an isometry Sa,i '■ T~Li H-i+i determined 

by 

(2.1) Sa,iiri{x)^i = Tri+i{VaXvl)Ci+l, X^Tn- 

(2) Let Sa be the isometry ®^Zo Sa,i on ^^^qHi. There is a representation vr[p, Cp] of 
On, essential if n = oo, such that 

^P,(.p]iva) = Sa, l<a<n. 

(3) If k = i + mp with < i < p — 1 and m > 0, then S^^q is a unit vector in TCi which 
implements j3*^p as a vector state in vTj. For < k < p we have S^^q = ^k, and for k > p+1 
we define ■= Si^q. 

Proof. If X G J-n, then 

\\lTi+l{VaXvl)Ci+l\\'^ = {7ri+l{viX*vlVaXvl)Ci+l,Ci+l) = /3*^'^^^ p{viX* Xvl) 

= p*'p{x*x) = {7r,{x*x)^„^i) = \\Mx)Cif. 

Since vectors of the form vrj(x)^j are dense in Hi, this gives (1). 

We will next show that Sa^iS* ^ = TTi^i{vaVa), for which we first need to find a formula for 
5"* ^. If x,y G J^n, then 

{Sa,i'^i+l{x)^i+l,TTi{y)^i) = {Tri+i{x)^i+i, Sa,i7ri{y)^i) 

= (vTi+i {x)Ci+l , TTj+i {Vayvl)^i+i) 

= (7rj+i(?Jiy*t;*x)Ci+i,^i+i) 
= /3<^+''>p{vw*v:x) 
= I3*'p{y*vlxvi) 

= {Tri{vlxvi)^i,TTi{y)^i), 

so 

(2.2) Sli7ri+i{x)Ci+i = 7ri{v*xvi)Ci, x G J^„. 
Using the definition of Sa^i we have 

Sa,iS*^iTTi+l{x)^,i+i = Sa,iT^i{v*aXVi)ii 

= TTi+liVaVlxVlvDii+l 

= TTj+i {VaVl)TTi+l (x)7ri+i {vivl)^i+i , 

so to show that Sa^iS*^ = 71^+1(^0 u*) we must verify that 

(2.3) Tri+i{vivl)e.i+i = ^i+i, 0<i<p-l. 
Since TTi^i{viv^) is a projection, this follows from the calculation 
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It is now easy to see that the range projections SaS* sum to the identity operator, from 
which the existence of the representation vf[p, ^^p] follows immediately: since each vTj is essen- 
tial, 

n n p—l n p—l p—l 

a=l a=l i=0 a=l i=0 i=0 

This completes the proof of (2). 

To see that Sf^o implements f3*^p as a vector state in vrj, first observe that 

(2.4) S'^1Tj + i{x)Sl = TTj{vlxVl), X £ J^n, < j < P - I; 



this is an easy consequence of (|2.1[) and (|2.2D . Thus 



{7T,{X)SU0,S^^0) = {Sf7T,{x)S'l^0,^0) = {Mvfxv'l)^o,^o) = p{vfxv1) = P*''p{x). 



By (|2j) we have Si^k = T^k+iivivD^k+i = Ck+i for < A; < p - 1, so = S'f^o for 
< A; < p. □ 

We are now ready to construct the representations of On that will be used to classify 
the state extensions of p to On- Suppose Uq, ... , Up-i are unitary operators on a Hilbert 



space /C. It is immediate from Proposition 2.3 that the range projections of the isometries 



©i=0 "^a,* (8) for 1 < a < n sum to the identity operator on 0f=o '^i® Consequently 
there is a unique representation of ©„, essential if n = oo, which maps Va to @\Zq Sa^i ®Ui. 
We will restrict our attention to p-tuples {Uq, . . . , Up-i) in which every component but the 
last one is equal to the identity; up to unitary equivalence of the resulting representation 



there is no loss of generality in this, as we will see in Proposition 3.2. 

Notation 2.4. Consider a triple {p,^p,6) in which 

• /9 is a pure state of J^n with finite period p, essential if n = oo, 

• G Ho is a linking vector for p, and 

• 9 is a representation of C{T) on a Hilbert space JCg. 

Let Ug be the p-tuple [1,1, .. . , 6{z)) of unitaries on ICg, where z is the identity function on 
T. We will denote by Tf[p, ^p, 9] the representation of On on ICg := ®f=o ^« ^ which is 
determined by 

P-i 

(2.5) ^[p,^p,9]{Va)=^Sa,i®Ug^i, 1 < a < n. 

i=0 

Proposition 2.5. Suppose p is a pure state of Tn with finite period p; if n = oo assume 
that p is essential. Suppose € Hq is a linking vector for p and 9 is a representation of 
C(T) on a Hilbert space ICg. 

(1) The restriction of vf [p, ^p, 9] to Tn is ©^=0 T^i® h- 

(2) If ij: is another representation of C(T), then TT[p,^p,9] and 7f[/9, ^p, are unitarily 
equivalent (resp. disjoint) if and only if 9 and are unitarily equivalent (resp. disjoint). 

(3) 7f[p, ^p,0] is irreducible if and only if 9 is irreducible (i.e., dim/Cg = Ij- 

(4) If f] £ ICg, then £,0 01] is cyclic for ■7r[p, ^p, 9] if and only if rj is cyclic for 9. 

(5) For each \ £ let t\ be translation by A on C(T); that is, T\f{z) = f{X^^z) for 
f £ C{T) and z £T. If pP = \£T, then 

(2.6) ^[p,\ip,9] = ^[p,ip,9oT-^ ~ TT[p,ip,9]o-i^. 
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Proof. (1) For the moment write tt for Tr[p, (^p, 9] and a for ©fZg vTj 0/. Since both a and the 
restriction of tt to Tn are unital representations and jr„ = spanjwgt;^ : |s| = it suffices, 
by induction, to show that 7r(y) = a{y) imphes that n^Vj-yvl) = a{vjyv\) whenever y G J^n 
and I < j, k < n. If x G Tn, < i < p — 1, and r] G )Cg, then 

= n{vj)aiy)iTTi{vlxvi)£,t Ul^r]) 
= TT{vj){-Ki{yvlxvi% (g) Uljri) 
= 7ri+i{vjyvlxvivl)Ci+i (g) Ue^iUQ ^ri 
= <^{vjyvl){-Ki+i{x)ii+i ® i) (by (^). 
(2) Let Z be the intertwining space 

Z := {T G BiiCeX^) : Tvf [/>, ^p, e](z) = # [/>, ^p, ^](z)r Vz € 

and let 

^■o := I T = 1, ® To G B{iCe,iC^) : To0(/) = ^(7)^0 V/ G C{T) |. 

We claim that 2 = Iq, from which (2) follows immediately. 
As a first step we describe the space J defined by 

^ := {T G B{KeX^) : [p, ^p, e](x) = # [p, ^p, V](x)r Vx G Tn}- 

By (1), J" is the set of operators which intertwine ©^=o ^« ® -^^ ^^"-^ ©^=0^ ® Since ttq, 
. . . , TTp-i are irreducible and mutually disjoint, we have 

= I T = 0/, T, : T, G 0(/Ce,/C^,) }• 
i=0 ^ 

Suppose that T = 0^=o h ®Ti ^ J ■ For notational convenience let Tp := Tq. If x G Tn, 
< i < p — 1 and t] G ICg, then 

7'7f[p,^p,6'](t>a)(7ri(x)^i (gr/) = r(7ri+i(UaXwJ)^j+i C/e^iT/) 

= 7ri+i(i;aXWi)^i+i (g) Ti+iUg^iT], 

whereas 

^2 7r[/3,^p,V'](va)7'(7rj(x)^i (g)r?) = 7r[p, ^p, V'](va)(vri(x)^i (g) Tii/) 



Now suppose that T G I. By (12^71) and (U) we have 
(2.9) T,+iUe,i = U^,^T„ < i < p - 1. 

Setting i = 0, 1, . . . , p — 2 gives Tq = Ti = ■ ■ ■ = Tp-i, and setting i = p — 1 gives 
Tq6{z) = iP{z)Tq. Since z generates C(T) this implies that T & 1q, and thus T C Tq. 

Conversely, suppose Tq intertwines 9 and ^/;, so that T := 0f=o^ (g Tq G Tq. By set- 
ting Tj := To for 1 < i < p, we see that (^) holds. By (|2.7| ) and (|2.8|) it follows that 
T7r[/9, ^p, 6'](wa) = 7r[/9, ^p, V']('Ua)7' for each a, so that T G X. Thus X = Xq as claimed, 
completing the proof of (2). 

(3) Setting ip = 9 in the proof of (2) gives 

p-1 



(2.10) n[p,^p,e]{Ony = I T = 0/i To : To G 0(C(T))' |, 

1=0 J 

from which (3) is immediate. 
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(4) Let C /Ce be the cyclic subspace for T[[p, ^p, 6] generated by ® V- The orthogonal 



projection P of JC0 onto A4 commutes with Tt[p,£,p,9]{On), so by ( 2.10 ) there is a projection 
Pq G 6{C{T)y such that P = ^^Iq li Pq- On the other hand, M is the closed linear span 
of vectors of the form n[p, ^p, 9]{vsV^){(,o (K" f]), where s and t are multi-indices. Given such a 
vector, express \s\ — \t\ = j + mp for j € {0, ... ,p — 1} and m G Z. By (|2.5D , 

from which it follows that the range of Pq is the closure of 6{C{T))r]. Assertion (4) now 
follows easily. 



(5) If X & and r] £ Kg, then 



j:o{vaXvl){\ip)®6{'L)rj \ii=p-l 

_\TTi+i{vaXvl)iij^i(^r] if0<i<p-2 
y-Ko{vaXvl)ip®0{\z)ri \ii=p-l 

_ {■Ki+i{vaxvl)5,i+i®r] if0<i<p-2 
I TTo {VaXVl )ip<^0o Tj{z)r] if i = p - 1 

giving the first half of ( |2.6D . Let T be the unitary operator ©iZfJ li ® p^Ie on ICg. Then 

_ (iTi+iivaXvD^i+i (g) /i^+^r? if < i < p - 2 
|7ro(waXi;*)Cp (g) A6'(z)7? if i = p - 1 

_ (TTi+i{vaXvl)^i+i (g) /i^+^r? if < i < p - 2 
|7ro(waXi;*)^p (g) ^ o ry(z)?? if i = p - 1 

= Ttt[p, ^p,eo Tj] {Va){TTi r/) , 

from which the second half of (^]^) follows. □ 



Remark 2.6. The representation Tr[p,^p] of Proposition |2^ is irreducible because it is uni- 
tarily equivalent to 7f[p, ^p,ei], where ei is evaluation at 1 € T, and 7f[/9, ^p,ei] is irreducible 
by Proposition |2.5|(3). 



Proposition 2.7. Suppose p and uj are periodic pure states of Tn, essential if n = oo. If p 
anduj have the same quasi-orbit (and hence the same period p), then there are linking vectors 
and (^p such that 7r[p,(,p,0] and tt[uj,S,p ,0] are unitarily equivalent for every representation 
ofC{T). 

Proof. Define a relation ~ on the pure essential states of J^n with finite period p as follows: 
p ^ u! if there are linking vectors ^p and such that 7f[p, ^p,0] ~ Tr[io,^p,9] for every 
representation 9 of C(T). Then ~ is an equivalence relation. To show transitivity recall 
that the linking vector for a pure essential state is unique up to a scalar of modulus one and 
observe that if vf [p, ^p, 0] ~ 7f[cj, ^p , 9] and ^ G T, then by ( |2.6| ) 

n[p, pP^p, 0] ~ n[p, Cp, ^] o 7^ ~ ^u^, C' ^] ° > ~ *[^' I^X^ 
The proof of the proposition is based on the following two claims. 
Claim 1: If /? ~ w, then p ~ a;. 
Claim 2: p ^ (3*^ p for every positive integer k. 
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Given the claims, the proof is easy: if p and u have the same quasi-orbit, then p ^ I3*^ui 
for some positive integer k, and by the two claims p ~ [3*^uj ~ uj. 

Proof of Claim 1: If p ~ then there is a vector C, G TLq such that uj{x) = {tTq{x)C, () for 
X G Tn- Let be a linking vector for p, and let Si be the isometry on 0^=o defined in 
Proposition |2.3|. If < i < p and x G ^„ , then by (p.4D 



/3«a;(x) =a;«xr;l) = (<«x^;l)C,C) = (5r<(x)SlC, C), = (vrf(x)5K,51C), 

so S'lC implements as a vector state in vr^. Hence for each i G {0, . . . ,p — 1} there is 
a unique unitary operator Vi, : — > T^f which intertwines tt^ and 7rf and maps to SIC- 
Define := VqSi(; then is a linking vector for lo. Let 9 he a representation of C(T), 

and let V : QfJo Hf ® ICe ^ 0fZ'o ® /Cg be the unitary operator ©fr^ (g) /g. Then V 
intertwines 7r[uj,^p,9] and 7r[p,^p,9]. To see this, suppose 1 < a < n, < i < p — 1, x G J^n 
and r] ^ Kq. Using Proposition |2.5| (1) and the convention Vp :=Vq, 



= Trf^i{vaXvl)Si+\®Ue,^v 



n[p,ep,0]ivaXvl)iSl+'C®Ue,^r]) 
n[p,ep,0]{vax){SlC(^rj) 

n[p,ep,0]{va){n^{x)SlC(^v) 

n[p,ep,o]{va)v{7Tr{x)cr®v). 



This completes the proof of Claim 1. 



Proof of Claim 2: It suffices to prove the claim for k = 1. Let oj := (3* p. Then vr^ = vr^_|_]^, 
= Hl^^ and er = ef+i for O < ^ < p - 2. 
Fix a linking vector S^p for p. By Proposition p.3| (3), := is a linking vector for a;. 

Let ^ be a representation of C(T). We claim that 7f[/9, ^p,0] ~ 7r[u;,^p,0]. To construct the 
intertwining unitary, let Wq : Hq "^p-i be the unique unitary operator which intertwines 
< and 7r^_i and maps to ^p-i- Let W : 0£'o ®lCe^ ®\Zl Hf ICq be the unitary 
operator which is the identity from Ti^j^i (8) /Ce to Tff ICg for < i < p — 2, and Wq 9{z)* 
from TCq K,0 to 'Hp_i K,g. If 1 < i < p, a: G and r] & ICq, then 



IF(7rf (x)ef r/) 
so for each a G 1 , . . . , n we have 

Wn[p,e,9]iva)i7rPix)Cf®v) = 



1 7rti{x)Ct-i 0V if 1 < « < p - 1 

[7r^.i{x)^^.i0 9{zyTj ifi=p, 

W{TTP^^{VaXVl)^P^^ 0r)) ifl<i<p-2 



W{^TP{vaXvl)ep®9{z)l^) \fi=p-l 
^ W{TTl{vaXvl)ilj^^ (S)rj) \fi=p 

= ^nVaXvl)Ct 

^ {^[u,i^,9]{Va){7:tl{^)ir-l®V) if l<i<p-l 

Thus W intertwines vf [/?, ^p, 9] and 7r[w, ■^p , 6*], completing the proof of Claim 2. □ 
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Corollary 2.8. Suppose p and to are pure states of Tn with finite periods p and q, respec- 
tively; if n = oo assume also that p and uj are essential. Suppose 9 and ip are representations 
ofC(T). Then Tr[p,(,p,9] and Tr[uj , , tp] are unitarily equivalent (for some choice of linking 
vectors and ) if and only if 

(I) p and oj have the same quasi-orhit, and 

(II) 6 is unitarily equivalent to ip o t\ for some A G T. 

Proof. Suppose TT[p,^p,9] ^ ti[uj,^^ By Proposition ^(1), the unitary operator which 
implements this equivalence also intertwines the representations ©fJo T^i^^e and 0j=o ^j*® 
of Tn- From this it is evident that Kg = IC^, p = q, and ttq ~ vr^ for some k e 
{0,1, . . . ,p — 1}. Thus UJ P*''p, so p and uj have the same quasi-orbit. 

By Proposition |2.7| and the essential uniqueness of linking vectors, there are scalars a, 6 E T 
such that Tt[p, a^p, (j)] ~ 7f[a;, h^p, 0] for every represention cj) of C(T). By ( ^.61 ) we then have 
TT[p,i^,(t)o Ta] ~ 7r[a;,,^^,0 o r^] for each and taking cf) = tp o gives T:[p,i^,tp o t^] ~ 
tt[uj, , V']- Thus tt[p, ^p, 9] ~ vf [p, ^p, -0 o rfea], so by Proposition ^(2) we have ~ ^ o Ti,a. 



Conversely, suppose p and u have the same quasi-orbit and 9 ^ ipoTx. By Proposition 2.7, 
there are linking vectors and such that 

T^[p,Cp:i' °Tx\ ~ vr[u;,^^,'i/' ota]. 
The first of these representations is unitarily equivalent to 7f[p, ^p,0] (Proposition 2.5(2)), 



and the second to tt[uj, A^^ , -0] (Proposition |2.5| (5)). Thus tt[p, 9] ~ tt[uj, A.^^ , V']- □ 

3. Extensions of periodic pure states of J^n to On- 

In this section we use the representations constructed in Section |^ to parameterize and 
classify the state extensions of periodic pure essential states of Tn- Our main result. Theo- 
rem |3.5|, is preceded by a general technical lemma and two technical propositions. 



Lemma 3.1. Suppose tt is a representation of a C* -algebra A on a Hilbert space 7i and 
{vTj : i € /} is a collection of subrepresentations of vr, each of which is quasi- equivalent to a 
given representation (j). Let 7ii be the representation space of Hi. IfU^^jTi-i has dense linear 
span in 7i, then no subrepresentation of vr is disjoint from (j). If in addition (p is factorial, 
then TT is factorial and quasi- equivalent to (p. 

Proof. Suppose ip is a subrepresentation of vr, and let be a nonzero vector in the repre- 
sentation space of ip. Since IJig/ ^« ^^s dense linear span in 7Y, there is an i € / such that 
^ ^ W^. Express = -\- € Hi (S H.^, and let uj^, uj^^ and be the corresponding 
vector functionals. Then uj^ = + w^^, so < w^. Let vr^ and vr^^ denote the GNS 
representations associated with uj^ and , respectively. Then vr^^ is unitarily equivalent to 
a subrepresentation of vr^, which in turn is unitarily equivalent to a subrepresentation of tp. 
But vr^p is also unitarily equivalent to a subrepresentation of vr^, which is quasi-equivalent to 

(p. Thus tp and cp are not disjoint. If (p is factorial, this means that n ^ (p. □ 



Proposition 3.2. Let a be a representation of On on a separable Hilbert space K,; if n = oo 
assume that a is essential. Suppose there exists a pure state p of J^n with finite period p 
such that the restriction of a to Tn decomposes as a direct sum ^[Z^Oi, where ai is quasi- 
equivalent to the GNS representation vr^ for f3*^p. Then there is a linking vector ^p for p and 
a representation 9 of C{T) such that a is unitarily equivalent to vr[p, ^p,0]. Consequently, 
the multiplicity of vr^ in Oi is independent of i = 0, 1, ... , p — 1. 
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Proof. Let a = ®^Zq en be the restriction of a to J-n- Each is unitarily equivalent to the 
representation vTj (g) Li of Fn on (g) /Cj for some separable Hilbert space /Cj, so modulo a 
unitary equivalence we may assume that K = ©f=o^ Hi (S) K-i and a = 0f=o^ vTj (g) /j . Let 
be a linking vector for p, and adopt the notation convention ICp := /Co- Of course vTp := vro 
and Tip := TYq) as usual. 

Fix i £ {0, 1, ... ,p — 1} and rj € /Ci. We claim that there is a (necessarily unique) vector 
UiT] € /Cj+i such that 

(3.1) ^(?^i)(ei(»??) =Cm®t^i??- 
To begin with, note that for any x € J-n, 

{a{x)a{vi){Ci(^ri),a{vi){Ci(^ri)) = {a{vlxvi){(,i r]),^i (g) i]) 

= WvW^ {'^i{vlxvi)Ci, Ci) 
= W'nW'^ l3*' p{vlxvi) 

On the other hand, we can express <5'(t'i)(^i ??) = Yl^=i Sfc Cj,k "X" Sj^k, where Cj,fc £ "^j and 
for each j the set {<Jj,fc} is an orthonormal basis for ICj. Then 

p 

{(T{x)a{vi){^i<E)r]),a{vi){^i ??)) = '^(^'n-jix)Cj,k <S) dj^k,^Cj,i ^3,1 ^ 

j=i k I 
p 

= Z]Z]^''J(^)o,fc'0,fc)• 
i=l k 

Since /3*'^*"'"^)p is pure, each of the positive linear functionals (^^^.^.(x) := {TTj{x)(j^k,Cj,k) is a 
multiple of However, o;^^. ^ is also unitarily equivalent to a multiple of f5*^ p, because 

TTj is irreducible. Since the states P*^ p for j = 1, 2, . . . , p are mutually disjoint, we thus have 
Cj,k = unless j = i + Moreover, ujq^-^ fe is a scalar multiple of if and only if Ci+i,k 

is a scalar multiple of ^j+i, so after simplifying and rearranging, the sum X]j=i Sfc Ci,fc ^ ^j,k 
turns out to be an elementary tensor; specifically, it belongs to the subspace ^j+i /Cj+i. 
Thus we can define f7j : /Cj — > /Cj+i by as claimed. 

We next claim that Ui is a unitary operator. It is evident that Ui is linear, and since 

{Uii],UiC) = {a{vi){ii®ri),a{vi){ii®C)) = {ii®r],ii®C) = {i],C), r/, C G /C^, 

Ui is an isometry. To see that U is surjective, suppose ( € /Ci+i- By ( ^^ ) we have 

^i+i <^ C = 7ri+i(uiVi)^i+i (g C = cr(^^ii'i)te+i (8 = 5-(ui)CT(?;i)(^i+i (g C)- 

Now a(w*)(^i+i (g C) can be approximated by a finite sum of vectors of the form vrj(x)^j g) ry, 
where 0<j <p — 1, x€ J-n and rj £ ICj, and for each such vector 

(3.2) a-(t;i)(7rj(x)^j (g r/) = a-(?7i)o-(j;)(^j (g r?) = cj(wixw*)a(wi)(^j (g t]) 

= a{vixvl){(,j+i (g C/j-r/) = TTj+i{vixvl)(,j+i (g C/j-ry G Hj+i g) ranC/j. 

Thus 

p-i 

Ci+i^C = ® C) G 07t:j+i (granf/j, 

i=o 

which shows that C € ranf/j. Thus C/j is surjective. 

Define unitary operators Tq, . . . , Tp_i inductively by Tq := Up^i and Tj+i = C/jTj for 
< i < p — 2. Then Tp-i is a unitary operator on /Cp_i, so 9{z) = Tp_i determines a 
representation ^ of C(T) on fCp-i. We claim that a is unitarily equivalent to Tr[p,S^p,6]. For 
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this, let T : Sfl-Q Hi O /Cp_i ^ ©fl'o 7^^ ® /Ci be the unitary 0^^^ li^Ti. U I < a < n, 
< i < p — 1, X G and rj £ /Cp-i, then by (^^) 

CT(i;a)r(7ri(x)^i (g) r/) = fT(t>aUi)5-(t;i)(7ri(x)^i (g) Tj??) 

= cT(uaUi )(7ri+i(i;ixw*)^i+i (g) C/jTj??) 

_ \ TTi+i{vaXvl)S,i+i (g) Ti+i?7 if < i < p - 2 
\^Tro{vaXvl)^p®To9{z)r] if i = p - 1 

= TTt[p,Cp,e]{Va){TTi{x)Ci(^r]), 

so T intertwines 7f[p, ^p, 0] and a. 

The multiphcity of vTj in ai is the dimension of /Cj. Since each Ui : JCi ^ /Ci+i is unitary, 
this multiphcity is constant in i. □ 

Proposition 3.3. Suppose p is a pure state ofj^n with finite period p; if n = oo assume that 
p is essential. Let a he the GNS representation of On corresponding to a state p extending 
p. Then the restriction of a to Tn decomposes as a direct sum 0f=Q Cj, with ai quasi- 
equivalent to the GNS representation vrj of (3*^ p. Furthermore, the decomposition is central 
and the multiplicity of tTj in ai is independent of i = 0,1, ... ,p — 1. 

Proof. Let Ti be the Hilbert space on which a represents On, and let G 7l! be the canonical 
cyclic vector which implements p as a vector state. Let a denote the restriction of a to J-n. 
For each k £ Z let 

gk = {zeOn:-fx{z)=X''z,\eT}. 

Notice that Qq = Tn and, in general, that is the fc*^ spectral subspace of On under the 
action of the gauge group {7a : A € T}. Define 



Then is invariant under a{J-n) and H = spanlj^^^ A^fc- Let denote the subrepresen- 
tation of a obtained by restricting each of the operators a{x) to A4k. We claim that 

(3.3) (pk ~ TTj, 



where i is the unique element of {0, 1, ... ,p — 1} such that k — i€ pZ. The proof follows Ill- 
Lemma 3.5]. 

Suppose k > 0. Since Qk = Tnv\, the vector a{v\)^ G M.^ is cyclic for 4>k- Moreover, for 
X G Tn we have 

{Ux)a{vf)^,Hvf)0 = {a{vfxv'l%0=P*''p{x). 

By the uniqueness of the GNS representation and ( |1.1D it follows that </>fc ~' tt^ ~' vrj. 
Suppose now that A; < 0. Using s to denote a multi-index, for x € Tn we have 

a*i'=iKx)= ^ p{vsxv:)= {ct{vsxv:)^,o= {m^)Hv:)^,hv:)0- 

s| = |fc| |s| = |fc| |s| = |fc 

We claim that {a{v*)S^ : \s\ = \k\} is generating for (pf^. Since {vrV^ : \r\ — \t\ = k} has dense 
linear span in Qi^, it suffices to show that 

a{vrV^)S, £ span{a{x)a{v*)(, : x € Tn, \s\ = \k\} 

for each such r, t. But this is easy: simply write t = st', where \s\ = \k\, so that a{vrvl)^ = 
a{vrvl,)a{v*% 

Since {a{vl)^ : \s\ = \k\} is generating for (f>k, ||ll|, Lemma 3.2] gives that (pk is quasi- 
equivalent to the GNS representation for By (|1.2| ) , this implies that 4>k ~ ^Tj , finishing 
the proof of (13. 
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For i = 0, 1, . . . , p—1, let Si = spanlj^jg^ -^i+fep- Each Si is invariant under a{J^n), and by 



Lemma 3.1 the corresponding subrepresentation Ui of a is quasi-equivalent to vTj. The proof 
will be complete once we show that Si _L Sj if i / j, and hence that a = 0f=o th.is, 
suppose w £ Gk and z € Gi, where k — l^ pZ; we will show that d{w)^ ± <5'(-z)C- Without loss 
of generality assume that k>l. Let Q = a{z*w)^ G Mk-i, and write C = CoffiCi £ A1o®-A^o"- 
If C 7^ 0, then the vector functional iJ(^ is unitarily equivalent to (a nonzero multiple of) 
fj*{k-i)p_ gingg p*{k-i)p jg pyj,g g^j^j ^ _|_ 1^^^^ either ~ or Co = 0. Since 



~ /3 and p does not divide k — I, hy (LI) we thus have (q = 0; that is, ( _L A^o- In 
particular, 

{a{w)c,a{z)o = (CO = ('^(^*^^)e,e) = 0. 

The decomposition a = 0f=o central because the (jj are mutually disjoint; the 

multiplicity of cjj is constant in i by Proposition □ 



Notation 3.4. Let P{T) be the space of Borel probability measures on the circle T. For 
each n G -P(ir), let be the representation of C(T) on i^(T, /x) by multiplication operators. 
Let 1 be the function of constant value 1 on T. 



Theorem 3.5. Suppose p is a pure state of Tn with finite period p; if n = oo assume that 
p is essential. For i G {0, 1, ... ,p — 1} let TTi : Tn B{T-Li) he the GNS representation for 
(3*^p with canonical cyclic vector ^j. Let he a linking vector for p (as in Definition ^-SJ , 
and for k = i + mp > p + 1 let he the corresponding vector in Tii which implements f3*^p 
as a vector state in TTi (as in Proposition \2.^\ (3)). 



(1) For each p G P(T) there is a unique state p[p,^p] of On such that 

~r *^ \{Mvsv;vf)^k,^o) z^^Pdp{z) if p divides k 

y otherwise, 
where s and t are multi-indices with k := \s\ — \t\ > 0. The state p[p,£,p] extends p. 

(2) If p is a state of On which extends p, then p = p[p,^p\ for some p G P(T). 

(3) With the linking vector fixed, the map p ^ p[p-,ip\ is cm affine isomorphism of P{T) 
onto the states of On which extend p, and p[p, (,p] is pure if and only if p is a unit point 
mass. 

(4) p[p,(,p] and Cp] ctre unitarily equivalent (resp. disjoint) if and only if the measures 
p and V are equivalent (resp. disjoint). 

(5) Suppose uj is another pure essential state of Tn- 

(a) If p and uj have the same quasi-orhit (and hence the same period p), then there 
are linking vectors ^p and such that p[p,ip\ and Lb[p.,^p] are unitarily equivalent for every 

peP{T). 

(b) If p[p,(,p] and Lvlfj^^g] are unitarily equivalent, then p andco have the same quasi- 
orhit and p is equivalent to a translation of v. 

Proof. (1) Suppose s and t are multi-indices such that k := |s| — \t\ > 0. Since elements of 
the form VsV^ and their adjoints have dense linear span in On, there is at most one state 
Pil^i Cp] which satisfies (3^). For existence, express k = i + mp with < i < p — 1, and let tt 



ENDOMORPHISMS OF B{n) 15 

be the representation 7r[p,S,p, M^] of On on 

0f=o ^ ^^(TT, /^) defined in (U). Then 
mvsvt)iCo l),eo 1) = (vfK?;;t;f )7f(i>t)(eo l),eo 1) 

= {TT^iVsV;vf)^k O Z", ^0 O 1) 

= (7r,(z;X^f)6,eo>(z'",l) 

(7ro(fsv;ff )Cfc,Co) / z^/Pdn{z) if p divides A; 

otherwise, 

so /5[/i, (^pl is the vector state in 7r[p, ,^p, M^] implemented by 1- Setting [s[ — |t [ = shows 
that p[fj., ^p] extends p. 



(2) Suppose /5 is a state of 0„ which extends p. By Propositions ^]3| and 3.2, there is a 
hnking vector ^ for p and a representation ^/^ of C(T) such that the GNS representation for 
p is unitarily equivalent to 7r[/?, Let A € T be such that ( = A^p, and let 6 := o tj, 



by (2^), tt[pX,'^] ~ [P) Cp) Hence there is a unit vector ^ € 0f=o^ (X) /Ce which is 



cyclic for Tr[p,^p,9] and which implements p as a vector state. By the argument used in 
Proposition |3]^ to derive (p]), there is a vector r] G fCe such that ^ = ® Thus 

(3.5) p{x) = {^[p,Cp,0]{x){^o^rj),Co®v), x £ On- 

Since is cyclic for Tr[p,(,p,6], by Proposition p.5K4) the vector r/ is cyclic for 9. It 

follows that if we define p S P{T) by 

fdp={eif)7j,rj), feC{T), 

T 

then To/ = 6{f)r] for / E C(T) determines a unitary operator To : L^(T,/i) ^ /Cg. Let 

^ • ©f=o^ "^i -^^(TT) p) ~^ ©?=o ® ^9 unitary operator 0f=o^ / Tq. Routine 

calculations show that T intertwines tt[p, ^p, M^] and -7r[/?, ^p, 6*] and maps ® 1 to ® r/. It 
now follows immediately from ( |3.5D that ^o ® 1 implements p as a vector state in vf [p, ^p, Mp] , 
so by the proof of (1) we have p = p[p, ^p]. 

(3) From ( ^.41) and part (2) it is clear that p i— > p[p, ^p] is affine and surjective. To see that 
it is injective, suppose p^v ^ P{T) and p ^ v. Then there is a positive integer m such that 
J dp{z) 7^ / dv(z). Let k := rap. Since vro is irreducible and Tn = span{ Vavl : \a\ = 
\h\ }, there are multi-indices a and h of equal length such that (■7ro(i'affe)?fc, ^o) / 0- Using 
v*jVi = 6ijl, the element VaV^Vi can be written in the form VgVf. Since = TToC^^if i^)^fc '^^ 
then have 

{■n-o{VsVtVl'')Ck,^o) = {TTo{VaVl)TTo{Vivf)^k,Co) = {-^oiVavDCk, ^o) / 0. 



By (3^) it follows that p[p,^p]{vsV^) / p[i',^p]{vsVi), completing the proof of injectivity. 
Since p ^ p[p, ^p] is an affine isomorphism it preserves extreme points; hence point masses 
correspond to pure states. 

(4) Since 1 is cyclic for M^, by Proposition ^]^(4) the vector ^o® 1 is cyclic for 7r[p, ^p, M^]. 
Thus 7r[/3, ^p,M^] is unitarily equivalent to the GNS representation for p[p,(,p]. Since 
and Ml, are unitarily equivalent (resp. disjoint) if and only if p and u are equivalent (resp. 
disjoint) measures, (4) follows immediately from Proposition |2.5| (2). 

Finally, since p is equivalent to a translate of if and only if ~ Mi, o tx for some 



A € T, (5) is an immediate consequence of Proposition 2.7 and Corollary 2.8. □ 



Corollary 3.6. Suppose p is a pure state of with finite period p; if n = oo assume that 
p is essential. The gauge group acts p-to-1 and transitively on the pure extensions of p to 
On, and distinct pure extensions are disjoint. 
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Proof. Fix a linking vector for p. By Theorem ^^(3), the pure extensions of p are 
{ /5[/ic, ^p] : c G T }, where p^c denotes the unit point mass at c. Since no two different point 
masses are equivalent, it follows from Theorem [j.5K 4) that no two different pure extensions 
are unitarily equivalent; that is, distinct pure extensions are disjoint. 
If s and t are multi- indices with k := \s\ — \t\ > 0, then by ( ^ ) 

ic''/P{TTo{vsvtvf)Ck,Co) if P divides k 
I otherwise. 



On the other hand, if A G T, then 



{XPc)''/P {Tro{vsVfVl'')£,k, ^o) if P divides k 
otherwise, 



so plPcCp] ° 7a = pifJ-XPcCp]- Thus the gauge action is transitive on the pure extensions of 
p, and for any pure extension p we have p o 'j^ = p and only if A^ = 1. □ 

4. Endomorphisms of B{H). 

We are now ready to construct and classify endomorphisms of B{TC) using the represen- 
tations from Section We will use ~ to denote conjugacy of endomorphisms. 

Recall that a representation : On — > B{7i) gives rise to an endomorphism of B{7i) via 

n 
k=l 

Recall also that the gauge action 7 : T ^ Aut(C'„) extends to an action of the unitary 
group U{£) by quasi-free automorphisms, determined by ^wi^^a) = Wva- Modifying i;^ by a 
quasi-free automorphism does not change Adi;^, and modifying it by a unitary equivalence 
only changes Ad^ to a conjugate endomorphism. This is indeed all the collapsing there is 
in the map (j) Ad(f): the endomorphisms Ad0i and Adi;^2 are conjugate if and only if 
02 ~ </'i o Iw for some W G U{£) |]lO|, Proposition 2.4]. 

Suppose /3 is a periodic pure essential state of J^n and ^ is a representation of C(T). For 
each choice of linking vector for p we can form the representation Tr[p,S^p,6] as in ( ^.51 ). 
By Proposition |2.5K 5), two representations of the form tt[p,*,6] differ by at most a gauge 
automorphism and a unitary equivalence, so the conjugacy class of Ad 7f[/9, ^p, 0] does not 
depend on the choice of ^p. We will denote this conjugacy class, or a representative thereof, 
by 

ap,e ■= Ad7r[p,^p,6']. 

Since we only look at endomorphisms modulo conjugacy, this slight abuse of notation will 
not cause problems. 

Two endomorphisms coming from different states of J-'n and representations of C(T) can 
be conjugate, and the following theorem determines exactly when this happens. 

Theorem 4.1. Suppose p and uj are periodic pure states of J^n, essential if n = 00, and let 
and ip be representations o/C(T). Then Up^ and a^j^'tp are conjugate if and only if 

(I) there is a unitary operator W on £ such that p o 7^4/ and uj have the same quasi- orhit, 
and 

(II) 9 is unitarily equivalent to tp ot\ for some A G T. 

Proof. Let ^p and be linking vectors for p and a;, respectively. The endomorphisms 
Upfi and are conjugate if and only if there is a unitary operator W on £ such that 
T^[p-, Cpy G] o'yiY and vf [a;, , V'] are unitarily equivalent. The proof will be by direct application 
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of Corollary ^]8| once 7r[p, ^p, 0] o 7v[/ has been changed to an appropriate form. It suffices to 
prove the following: 

Claim: For every unitary W on £ there is a linking vector ^p°"'^ for p o 7^4/ such that 

Proof of Claim: Fix a unitary operator W on £, let (,p be a linking vector for p, and let 5"! 
be the isometry on ©fJo defined in Proposition 2^. li < i < p and x & J^n, then by 
( PD and Proposition [21^(3) 

(/3"(p o 7w/))(2:) = p o 7^y(?;f2:wi) 

= {sr7rf{v{jw{vTxv\)vr)s\eo, eo) 

= (vrfo7^(xK(7^K)<)ef,vrf(7H^MK)0, 

so '^fi'Jwi'Vi)vi^)S,i implements (3*^{p o 714/) as a vector state in vrf o 754/. Hence for each 
i € {0, . . . ,p — 1} there is a unique unitary operator Vi : Ti^ which intertwines 

^p°iw g^j^^ Q g^^^ satisfies 

Define ^^"'^^ := ^o*^o(7VF(^'l)^'^)^p; then is a hnking vector for p o 7^1/. Let 6 be 

a representation of C(T), and let V : QfJo Tif ® JCe ^ QfJo ^i' ® be the unitary 
operator ©f^g Vi (E> le- Then V intertwines tt[p o 7^, , ^] and tt[p, Cp,9] o 7^4/. To see 
this, suppose 1 < a < n, < i < p — 1, x G J^n and r/ G /Cg. Using Proposition ^(1) and 
the convention Vp := Vq, 

v^p o jw, er"' ® 

= y,+i7rf;r(t;„x^i*)ef;r ® f^e,.r/ 

= Trf+i o 7w^(^'axwt)7rf^i(7iy(wl+^)w*^*+^^)^f_^i (g) Ue,ir] 

= ^^[p,ep,0]{jw{vaXvi)vf'-'^Mp,C'p,9]ivi)iCf(S)v) 

= n[p,^^,e]{jwiVaXvl)vr)iC^ 7^) 

= T^IP, Cp, 0] ° lw{Va){T^f O Jw{x)tt'^{Jw{vI)v")C'^ (g) T]) 

= ^P, ^p, 0] o 7H/(^a)^(vrr" (x)C^- ry). 
This completes the proof of the claim, and hence the theorem. □ 
When is the representation by multiplication operators on L^(T, /i) we write simply 



Op^fj^ in place of otp^M^ ■ As an immediate corollary to Theorem 3^ we can now parameterize 



and classify the endomorphisms constructed using the strategy of [|^, wherein one starts 
with a pure essential state p of Tn, extends p to a state p of On, and then uses the GNS 
representation for p to implement an endomorphism of B{7i). 

Corollary 4.2. Suppose p is a periodic pure state of J-n, essential if n = 00, and a is the 
GNS representation for a state p of On which extends p. Then there is a Borel probability 
measure fi on the circle T such that Ad a is conjugate to Up^p . 

Let oj be another periodic pure essential state of J-n, and let v € P(T). Then cup^p and 
aw,u are conjugate if and only if 
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(I) there is a unitary operator W on £ such that p o 7^5/ and u have the same quasi- orbit, 
and 

(II) fi is equivalent to a translate ofv- 

Proof. Fix a linking vector S,p for p. By Theorem p. 51 (2), p = p[p,£,p\ for some p S -PCT), so 
that a ~ ■7r[p, ^p, M^]. Thus Ad (7 ~ ap,/^- 

Since the measure p is equivalent to a translate of v if and only if Af„ ~ M^, o t\ for some 



A € T, the second part follows directly from Theorem 4.1. □ 



There are two von Neumann algebras naturally associated with an endomorphism a of 
B{7i): its tail algebra 

00 

Tail(a) := f] a^{B{n)), 
k=l 

and its fixed-point algebra 

FPA(a) ■.= {Ae B{n) : a{A) = A}. 

Assuming as we are that a is unital, one can always realize a as Ad<j) for some (essential) 
representation (/) of On- By Proposition 3.1], FPA(a) is the commutant of (pi^n) and 
Tail(a) is the commutant of (j){Tn)- If is the GNS representation of some state p of On, 
then the canonical cyclic vector ^ for cp is separating for FPA(a). In the following theorem 
we show that when the restriction of p to J-n is pure, much more is true: FPA(a) is abelian, 
and the projection onto the closure of Tail(a)'^ is minimal in Tail(a). Moreover, the latter 
condition characterizes these endomorphisms. 

Theorem 4.3. Suppose a is a unital endomorphism of B{Ti) with Powers index n (2 < n < 
00). Then (I) and (II) below are equivalent: 

(I) a is conjugate to Ad a for a the GNS representation of a state extending a pure essential 
state p of Tn- 

(II) Tail(a) has a minimal projection whose range contains a separating vector for YVA{a). 

If a satisfies (I) and (II), then the center o/Tail(Q) is finite- dimensional if and only if p 
has finite period, in which case dimZ(Tail(a)) is the period of p. Moreover, 

(1) // p has finite period p, then there is a Borel probability measure p on the circle T such 
that Tail(a) is spatially isomorphic to 

(4.1) |0/,^r, :T, G0(L2(T,/i))| C Bf^Hi ® L\T, p)] 

and FPA(a) is spatially isomorphic to the abelian algebra 

r ^"^ 1 /^"^ 

(4.2) \ 0/i0ro:ToGM^(L~(T,^)) \ d B[@n^ ® {T , p) 

where as usual Hi denotes the GNS Hilbert space for 

(2) If p is aperiodic, then Tail(a) is isomorphic to £°°(Z). 

Proof. (II) (I): Suppose Tail(a) has a minimal projection P whose range contains a vector 
^ which is separating for FPA(a) . Let be a representation of On such that a = Ad (p, and let 
p be the vector state of On in <j) implemented by ^. Since ^ is separating for FPA(a) = 4>{^n)' 
it is cyclic for so a ~ Ada with a the GNS representation for p. The restriction of p to 
J^n is pure because P is minimal in Tail (a) = ^(^n)'- 
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(I) =^ (II): If (I) holds and p has finite period p, then by Corollary 4.2 there is a Borel 
probability measure ^ on T such that a ~ o.p,^l■ Let be a linking vector for p. The tail and 
fixed-point algebras of a are then spatially equivalent to those of Ad7f[p, ^p, M^], which by 



the proof of Proposition ^(2) are given by (4T) and ( |4.2| ), respectively; the second of these 



requires the extra observation that M^(C(T))' = M^{L°°{T, p)). Let Pq be the rank-one 
projection onto the constant function 1 G L^(T, /x), let Pj = for z = 1, . . . , p — 1, and 
let P = ©f=o ® Pi'i then P is a minimal projection in the tail algebra. Since 1 is cyclic 
for M'^(C(T)) it is separating for M'^(C(T))', so any nonzero vector in the range of P is 
separating for the fixed-point algebra. 

If p is aperiodic, then p must be the gauge-invariant state po ^. Let a be the restriction 



of a to Tn- By [11, Propositions 2.2, 3.4], a decomposes as a direct sum 0^_oo en, where ai 
is irreducible and quasi-equivalent to the GNS representation of /3*V (resp. a*'*'/?) if i > 
(resp. i < 0). Since these irreducible summands are mutually disjoint, 

Tail(AdCT) = ai^n)' = 

Let P be any minimal projection in this algebra. Any nonzero vector in the range of P is 
separating for FPA(q) since a is ergodic. □ 

Ergodic endomorphisms. By ||l^. Proposition 3.1], Ad(f) is ergodic if and only if (f) is 
irreducible. Thus the pure extensions of a pure essential state p yield ergodic endomorphisms 
via their GNS representations. Since these pure extensions are in the same gauge orbit, the 
corresponding endomorphisms are all conjugate: 

Corollary 4.4. Suppose p is a pure state of J-n, essential if n = oo. 

(1) Let a be the GNS representation for a pure extension of p. Then the ergodic endo- 
morphism Ado" depends only on p up to conjugacy, so we denote it by Op := Ada. 

(2) If (jj is another pure essential state of J^n, then Op and are conjugate if and only if 
there is a unitary operator W on £ such that p o and to have the same quasi- orbit. 

Proof. First suppose p is periodic. Let b e a linking vector for p. If p is a pure state of 
On which extends p, then by Theorem |3.5| (3) there is a unit point mass ^ on T such that 
p = p[p,S,p]. The GNS representation a for p is thus unitarily equivalent to 7f[p, ^p,M^], so 



that Adfj is conjugate to ap,/^. Since condition (II) of Corollary O is automatic for point 
masses, all such endomorphisms Ado" are conjugate. The second assertion also follows from 
Corollary O. 



Suppose now that p is aperiodic. By |11, Theorem 4.3], the gauge-invariant extension po^ 
is the only state of On which extends p, and p o ^> is pure, so (1) is trivial. Part (2) follows 
from ||ll|. Theorem 4.2]. □ 

Finally we give an intrinsic characterization of the class of ergodic endomorphisms arising 
from pure states of J-n in terms of the tail algebra. 

Corollary 4.5. (1) Suppose p is a pure state of Tn, essential if n = 00. Let Op be the 
ergodic endomorphism associated with p as in Corollary 4-4- Then Tail(ap) is isomorphic to 
if p has finite period p, and if p is aperiodic. 

(2) Suppose a is an ergodic endomorphism of B{Tl) whose tail algebra has a minimal 
projection. Then there is a pure essential state p of J-n such that a is conjugate to Op . In 
particular, if a is a shift then it is conjugate to Op for some pure essential quasi-invariant 
state p. 



Proof. (1) By definition, Op satisfies condition (I) of Theorem O. The result is thus imme- 
diate from this theorem for aperiodic p. If p has finite period p then Tail(ap) is given by 
( [4.ID for some point mass p, and is hence isomorphic to C^. 
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(2) Let P be a minimal projection in Tail(a). Every nonzero vector in the range of P is 



separating for FPA(a) = CI, so by (II)=^>(I) of Theorem and Corollary 4^(1), a = ap 
for some pure essential state p of JF„. If a is a shift then Tail(a) consists of scalar operators 
so the identity is a minimal projection. Thus a = Op for some pure essential state p, and by 
[ p^ , Theorem 4.5] /? must be quasi-invariant. □ 

We finish the section by pointing out that, as a consequence of the Corollary, there is an 
interesting restriction on the possible tail algebras of ergodic endomorphisms: 

Scholium 4.6. // the tail algebra of an ergodic endomorphism has a minimal projection, 
then it is isomorphic to either or depending on the period p of the state arising 

from a vector in the range of the minimal projection. 

5. Examples 

Our main source of examples are the pure product states co = fXi^i^j of T^, where each uji 



is a pure state of IC{£); c.f. Example |l . l| . For each unit vector v in £ let ujy be the pure state 
of /C(f ) given by uj.u{T) = {Tv, v); strictly speaking, uj^ depends only on the one-dimensional 
subspace [v] := Cv and not on v itself. If / = (/i, /2, . . . ) is a sequence of unit vectors we 
let LOf := ^jW/i be the corresponding pure product state of J^n- Thus 

^fiVsi---Vs^Vt^---vl) = {Vs^, fl) ■ ■ ■ {Vs^, fk){fk,Vt^) ■ ■ ■ {fl,Vt^). 

A. Periodic pure essential product states. Suppose toj has finite period p; this is 
equivalent to p being the smallest positive integer for which the series ^(1 — \ {fi, fi+p)\) 
converges |l^, §4]. The GNS triple for cu/ is unitarily equivalent to (tto, TYq, ^q), where H'q is 
the infinite tensor product £'^°° with canonical unit vector := /i (8i /2 • • • , and 

TToiVs^ . . . Vs^tk ■■■V*t^){hi®h2® ...) 

= {hi,vt^) . . . {hk,vt^)vs^ Wsfc hk+i hk+2 8) . . . . 

(See [13, ^ for the definitions and basic properties of infinite tensor products.) The state 



corresponds to the sequence (fi, . . . , vi,fi, f2, - ■ ■ ), so we can similarly define {tt'-, 'H[,^[) 



Replacing {TTi,Hi,(,i) with (tTj-, W-, for < i < p — 1 in Theorem 3^ 

4 := yi(S)- - -(S)Vi (S>fi /2 • • • G 'Ho 
p 

is a linking vector for LOf. For this choice of ^p, the vectors for k > p + 1 are similarly 
given by 

:= ui (g) • • • (g) t>i ®/i (g) /2 (8) ■ ■ ■ G Wfc. 



It is routine to check that ( p. 41 ) yields the same formula for extensions of cj/ as that given in 
[^, Theorem 3.1]. 

B. Generalized Cuntz states. Next we use periodic sequences to construct and classify 



examples along the lines of those from |T[)| , §4] and [11, Corollary 5.5]. When / is a constant 



sequence, the pure extensions of ujf to On are the Cuntz states [gl, and lead to shifts which 



admit a pure normal invariant state [15[. We consider here the more general case where / 
has period p, so that it is determined by the p-tuple (/i, . . . , fp). For such a sequence, ujf is 
periodic in a stronger sense than that of Definition |1.3| : indeed a*Pu>f = uif. 



Although the pure extensions of u>f are mutually disjoint, by Corollary 4^(1) they induce 



the same endomorphism of B(?i) up to conjugacy. In order to compare the endomorphisms 
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coming from two different sequences we use Corollary f4.4| (2). The criterion is particularly 
easy to apply in this strictly periodic situation because the quasi-orbit of luj is obtained by 
simply taking the cyclic permutations of the p-tuple (/i, . . . , fp). 

Corollary 5.1. Suppose f and g are periodic sequences of unit vectors in n-dimensional 
Hilhert space 8. Letaj (resp. Og) be the ergodic endomorphism associated to a pure extension 
of Uf (resp. ujg). Then af is conjugate to Ug if and only if there is a unitary W on £ such 
that the p-tuple of \- dimensional subspaces {[W fi], . . . ,[W fp]) is a cyclic permutation of 

Proof. Corollary [4.4| (2) reduces the question of conjugacy to finding a quasi-free automor- 
phism of !Fn that superimposes the quasi-orbit of u>f to that of u>g. By ||ll|, Corollary 5.3] 
the quasi-orbits of ujj o and ujg coincide if and only if the series Ylji^ ~ \{'^fjj9j+k)\) 
converges for some k. Since the sequences / and g are periodic, this series converges if and 
only if all its terms vanish; i.e. if and only if [TV/j] = [^j+fc] for some fixed k and every j. □ 

Remark 5.2. The orbit of the p-tuple ([/i], . . . , [fp]) of one-dimensional subspaces of £ under 
the joint action of cyclic permutations and of the unitary group U{£) (acting diagonally 
on p-tuples) is thus a complete conjugacy invariant for the class of ergodic endomorphisms 
arising from pure essential product states of Tn which are strictly periodic under a*. 

This invariant also classifies the larger class of ergodic endomorphisms associated with 
pure essential product states which are eventually strictly periodic, in the sense that there 
exists p > 1 such that for large enough k one has Q*^'^'^^''a;/ = Q*^ujf. 



C. Pure extensions of diagonal states. Assume n is finite. The diagonal T) in 
is the abelian subalgebra generated by the projections fsf^, where s is any multi-index. 
The spectrum D of I? is canonically isomorphic to the totally disconnected compact space 
{1, 2, . . . , n}^. A rational point in T) is one which corresponds to a sequence which is even- 
tually periodic, and irrational points correspond to aperiodic sequences . 

When the sequence / = (/») consists of basis vectors (that is, each fi G {v^. : 1 <k < n}), 
the state of Tn is a diagonal pure state; i.e. it corresponds to a point in T). It was 
observed by Cuntz that if the sequence is aperiodic then the state ujf has a unique pure 
extension. Using our Corollary |3.6| we can say what happens at the rational points. 



Corollary 5.3. Suppose f is a sequence of basis vectors with periodic tail, so that uOflD is 
a rational point in the spectrum ofD. Then the pure extensions of Uf to On are mutually 
disjoint and indexed by the circle T ( via the composition of e^'^** i— > ^'^'^^Iv and the gauge 
action). 

Setting n = 2 gives uncountably many inequivalent pure extensions of the trace on the 
Choi subalgebra of O2 arising from each rational point in T>. 



Proof. The first assertion follows from Corollary |3.6| ; the second one is immediate because 
if a state of O2 restricts to a diagonal state on then it extends the trace on the Choi 
algebra I, □ 
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